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ABSTRACT
Short gamma-ray bursts (sGRBs) are thought to be produced by binary NS mergers. While a sGRB
requires a relativistic jet to break out of ejecta, the jet may be choked and fails to produce a successful
sGRB. We propose a “delayed breakout”scenario where a late-time jet launched by a long-term engine
activity can penetrate ejecta even if a prompt jet is choked. Observationally, such a late-time jet is
supported by the long-lasting high-energy emissions in sGRBs. Solving the jet propagation in ejecta,
we show that a typical late-time activity easily achieves the delayed breakout. This event shows not
prompt γ-rays but long-time X-ray emissions for ∼ 102−3 s or even ∼ 104−5 s. Some delayed events
may be already detected as soft-long GRBs without supernova signatures. In an optimistic case,
a few events coincident with gravitational-waves (GWs) are detected by the second-generation GW
detectors every year. X-ray followups of merger events without γ-rays will be a probe of long-lasting
engine activities in binary mergers.
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1. INTRODUCTION
Short gamma-ray bursts (sGRBs) are a class of GRBs
whose duration is less than 2 s (Nakar 2007; Berger
2014, for reviews). They are believed to be powered by
relativistic jets launched from compact binary mergers
(Eichler et al. 1989). This model is strongly supported
by the detection of the gravitational waves (GWs) from
the merging binary neutron star (NS) (GW170817,
Abbott et al. 2017) and by the extensive followups of
electromagnetic counterparts, especially VLBI observa-
tions (Mooley et al. 2018; Ghirlanda et al. 2018).
Some binary NS mergers may fail to produce sGRBs
even if they launch relativistic jets. In order to produce a
sGRB, the relativistic jet should break out of the matter
ejected by the binary coalescence (Nagakura et al. 2014;
Murguia-Berthier et al. 2014). When the ejecta are too
massive or the jet opening angle is too large, the jet
is choked and fails to emit prompt γ-rays. Choked-jet
events are supported by a threshold timescale to pro-
duce sGRBs which appears in the duration distribution
of sGRBs (Moharana & Piran 2017). Furthermore, the
tatsuya.matsumoto@mail.huji.ac.il
observed binary-NS-merger rate larger than the local
sGRB rate also suggests choked events.
In addition to prompt γ-rays, some (or most) sGRBs
show long-lasting high energy emissions (Kisaka et al.
2017). They are classified into an extended emission
with the duration of ∼ 102−3 s (Norris & Bonnell 2006)
and a plateau emission with ∼ 104−5 s (Gompertz et al.
2013, 2014). Since it is difficult to explain them in the
standard afterglow theory (Ioka et al. 2005), their ori-
gins are attributed to prolonged central-engine activi-
ties which launch jets or outflows (Metzger et al. 2008;
Nakamura et al. 2014; Kisaka & Ioka 2015).
Even if a prompt jet is choked, a late jet may pen-
etrate ejecta.1 Late-time jets can be more powerful
than prompt ones because some extended emissions
have larger energy than that of prompt emissions (e.g.,
Perley et al. 2009). The ejecta’s expansion also helps
the late jet to break out by reducing the ejecta density.
Hereafter, we call this scenario as“delayed jet breakout”.
1 We do not specify whether a delayed jet is powered separately
from a prompt jet (Metzger et al. 2008) or the same as the prompt
one but with reduced luminosity (Kisaka & Ioka 2015). For the
latter case, after the prompt jet is choked, a prolonged energy
injection from the engine may produce a jet head structure.
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Figure 1. Schematic picture of a delayed-jet-breakout
event. First, a prompt jet is choked and fails to produce a
sGRB (top). Another jet which powers extended or plateau
emission is launched later (middle). It is also possible that
the delayed jet is an identical jet as the prompt one but with
reduced luminosity. Due to expansion, the ejecta density be-
comes tenuous and helps the late-time jet to break out of the
ejecta (bottom).
In Fig. 1, we show a schematic picture. We calculate
the propagation of the late-time jet in the ejecta and find
that the delayed jet breakout is realized with a typical
late-time engine activity. In such an event, we cannot
detect prompt γ-rays because the prompt jet is choked.
Instead a late-time jet breaks out of the ejecta & 101−2 s
after the merger, and produces extended and plateau
emissions. This can be observed as a soft-long GRB.
We also discuss the event rate of the delayed jet break-
outs and argue that they might have been observed by
MAXI.
2. JET PROPAGATION IN EXPANDING MEDIA
We calculate the jet propagation in ejecta of a bi-
nary NS merger by using a semi-analytical formula along
Bromberg et al. (2011) (see also Margalit et al. 2018). A
jet launched from a central engine collides with ejecta
and produces a jet head and cocoon. The cocoon sur-
rounds the jet and collimates it (see below). The jet
head velocity is given by the momentum balancing at
the head as (Matzner 2003; Bromberg et al. 2011)
βh =
L˜1/2βj + βa
L˜1/2 + 1
, (1)
L˜≃
Lj
ΣjρaΓ
2
a c
3
, (2)
where βj ≃ 1, βa, Lj, Σj, ρa, Γa = (1 − β
2
a )
−1/2, and c
are the velocity of the jet material, ejecta velocity, one-
sided jet luminosity,2 jet cross section, ejecta density,
ejecta’s Lorentz factor, and speed of light, respectively.
The ejecta’s quantities are evaluated at the head.
We assume that the ejecta are homologous and have
a power-law density profile (Hotokezaka et al. 2013;
Nagakura et al. 2014). Even after a prompt jet is
choked, although the profile is modified from the orig-
inal one, these assumptions may hold. Note that if a
prompt jet succeeds in breaking out, it produces a cav-
ity and a late jet (or even a spherical outflow) easily
emerges from the ejecta (see also §3.1). For homologous
ejecta, the velocity is given by βa = (Rh/Rej)βej, where
Rh, Rej = βejc(t + tlag), and βej are the jet head position
and the radius and velocity of the ejecta edge, respec-
tively. We set the origin of time t as the jet-launching
time, which is tlag after the merger. The density is given
by
ρa =
Mej
4πR3
ej
f
(
Rh
Rej
)−k
for Rin ≤ R ≤ Rej, (3)
f =

3−k
1−
(
βesc
βej
)3−k k , 3,
1
ln(βej/βesc)
k = 3,
(4)
where Mej is the ejecta mass. The inner boundary is set
by the innermost unbound ejecta at the jet launch as
βesc =
(
GMcβej
c2Rej
)1/3
≃ 0.023
(
tlag
s
)−1/3 (
Mc
2.6M⊙
)1/3
, (5)
where G and Mc are the gravitational constant and the
merger-remnant mass, respectively.
The cocoon pressure determines whether the jet is col-
limated or conical. The jet cross section is given as
Σj =

πθ2j R
2
h
conical jet,
Ljθ
2
j
4cPc
collimated jet.
(6)
The cocoon pressure is given by
Pc =
Ec
3Vc
=
∫
Lj(1 − βh)dt
πR2c Rh
, (7)
where the cocoon is radiation-pressure dominated and
conical with a height Rh and radius Rc. The cocoon
radius is obtained by integrating the cocoon’s lateral-
expansion velocity of (Begelman & Cioffi 1989)
βa =
√
Pc
ρ¯ac2
, (8)
where ρ¯a is the cocoon’s mean density. When
a converging position of the jet’s collimation shock
2 This luminosity is written as Lj = θ
2
j Lj, iso/4 by the jet opening
angle θj and isotropic jet luminosity Lj, iso.
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(Komissarov & Falle 1997)
zˆ =
√
Lj
πcPc
(9)
is lower than the jet head Rh & zˆ, the jet is collimated.
We integrate above equations numerically and obtain
the jet-breakout time tbr for various constant jet lumi-
nosities. Since Eq. (1) overestimates the jet head ve-
locity for L˜ . 1 compared with numerical simulations
(Mizuta & Ioka 2013; Harrison et al. 2018), we correct
Eq. (1) along Harrison et al. (2018). We also modify the
collimation condition to Rh & zˆ/2 to get a continuous jet
cross section.
In Fig. 2, we show the result. Each thick red curve
shows the breakout time for each lag-time. The other
parameters are fixed as βej = 0.3, θj = 15
◦ ≃ 0.26 rad,
Mej = 10
−2M⊙, and k = 2. We convert the jet lu-
minosity to the radiation luminosity by adopting an
efficiency of ǫγ = 0.1 as Lγ,iso = ǫγLj,iso. The ejecta
velocity and mass are motivated by numerical simula-
tions (Hotokezaka et al. 2013) and the observations of
the macronova in GW170817 (e.g., Coulter et al. 2017;
Utsumi et al. 2017). The opening angle is based on the
observations of sGRBs (Fong et al. 2015), while the ob-
served value may be different from the jet-injection an-
gle. The index k = 2 is relevant for wind-like ejecta
and a larger indices give shorter breakout times. The
thin red curve shows the result for conical jets with
tlag = 1 s, which give conservative (longer) breakout
times. The emission timescale tem and isotropic lumi-
nosity of observed sGRBs’ emissions are plotted. Since
the observed sGRBs have successful prompt jets, we
can regard the observed emission timescales as engine-
working timescales, which ensures that the duration of
the engine-activity (jet launching) is long enough for a
delayed breakout, tengine & tem.
For a large jet luminosity (e.g., Lj,iso & 10
51 erg s−1 for
tlag = 1 s), the breakout time is smaller than the lag-time
tbr . tlag and insensitive to the jet luminosity. This is be-
cause a large jet luminosity gives a large jet parameter
L˜ & 1 and a jet head velocity becomes almost indepen-
dent of the jet luminosity βh ∼ 1. The breakout time is
evaluated by equating the jet head radius βhct and ejecta
radius βejc(t + tlag) as (Murguia-Berthier et al. 2014),
tbr ∼
βejtlag
βh − βej
. (10)
With βh = 1 and βej = 0.3, this equation reasonably
reproduces our result as tbr ≃ 0.4 s tlag,0. Hereafter, we
use the convention Qx = Q/10
x (cgs units). A shorter
breakout time than a lag-time enables us to regard that
the envelope is static. In particular, the jet head velocity
is constant for the index of k = 2, which we assumed to
derive Eq. (10).
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Figure 2. Jet-breakout times for various jet luminosi-
ties. Thick red dashed, solid, and dash-dotted curves show
the breakout times for lag-times tlag = 0.1, 1, and 10 s, re-
spectively. The other parameters are βej = 0.3, θj = 15
◦,
Mej = 10
−2M⊙ , and k = 2. The jet and radiation luminosi-
ties are related as Lγ,iso = ǫγLj,iso and ǫγ = 0.1. Thin red solid
curve denotes the result for a conical jet (tlag = 1 s). Black line
shows an analytical formula (Eq. A14). The data points are
taken from Zou et al. (2018) (for prompt), and Kisaka et al.
(2017) (extended and plateau emissions). Open circles show
the events with unknown redshift (assumed z = 0.72).
For a small jet luminosity, the jet-breakout time gets
longer than Eq. (10) due to a small jet head veloc-
ity. After the lag-time, the expansion of the ejecta
affects the jet head dynamics by reducing the ejecta
density and accelerating the jet head (see Eq. 2). A
much longer breakout time than the lag-time is inversely
proportional to the jet luminosity tbr ∝ L
−1
j,iso
. Namely,
there is a critical energy for a jet to break out of ejecta
(Duffell et al. 2018). For a conical jet, this energy is
simply given by the ejecta energy Mej(cβej)
2/2&Ej,iso ∼
Lj,isot, which reasonably reproduces our result t &
102 s Mej,−2β
2
ej,−0.5
L−1
γ,iso,48
. For a collimated jet with a
small ejecta mass in front of the jet head, the required
energy is smaller. In appendix, we derive an analytical
scaling law (Eq. A14 and black line in Fig. 2). Note that
unless the ejecta expansion is taken into account pre-
cisely, the breakout time is significantly overestimated
except for the parameter dependence (cf. Kimura et al.
2018).
In particular, a jet-breakout time for a small jet lu-
minosity should be compared with emission timescales
of extended (tem ∼ 10
2−3 s) and plateau emissions (tem ∼
104−5 s). These emission times are longer than the re-
quired breakout time and guarantee that if these emis-
sions are produced by jets, the jets can break out of the
ejecta.
3. OBSERVATIONAL PROSPECTS
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We discuss the observational prospects of the delayed
breakout events. In the following, we mainly consider
that a late jet producing an extended emission breaks
out. By combining a GW observation and followups,
we can check whether a delayed jet breakout occurs or
not for a binary merger. First, such a combination tells
us whether the event is on-axis or not (Abbott et al.
2017; Mandel 2018; Finstad et al. 2018). For an on-axis
event, a detection of prompt γ-rays tells us the fate of
its prompt jet. If we detect not a prompt emission but
an extended (plateau) emission-like signature i.e., a flat
light curve up to ∼ 102−3 s (104−5 s) and an abrupt shut
down, it strongly supports that the late-time jet does
punch out a hole in the ejecta. Therefore, we should
threw X-ray detectors to the merger event regardless of
whether prompt γ-rays are detected or not. In particu-
lar, since plateau emissions last for a very long time, they
can be a good target of X-ray detectors such as Swift
XRT and MAXI (Nakamura et al. 2014; Kisaka et al.
2017).
3.1. As a probe of late-time engine activity in binary
NS mergers
Delayed-jet-breakout events can be a probe to study
what powers extended and plateau emissions. Cur-
rently, the origin of these long-lasting emissions is
controversial while there are two representative mod-
els. One is the magnetar model (Metzger et al.
2008; Bucciantini et al. 2012; Rowlinson et al. 2013;
Gompertz et al. 2013, 2014; Gibson et al. 2017) where a
long-lived magnetar powers energetic outflows through
the spin-down or propeller effect. The outflows dis-
sipate energy and power the emissions. The other is
the black hole (BH) model (Barkov & Pozanenko 2011;
Nakamura et al. 2014; Kisaka & Ioka 2015), in which
the emissions are produced by jets from a BH and ac-
cretion disk system fueled by fallback matter (Rosswog
2007).
Since the delayed jet breakout requires a jet (or a col-
limated outflow), its detection is an evidence that the
extended or plateau emission is produced by a jet. Some
magnetar models explain the long-lasting emissions by
rather isotropic magnetar winds. The isotropic outflows
cannot break out of ejecta by theirselves or produce de-
tectable signals without a hole punched out by a prompt
jet. Therefore, the delayed jet breakout strongly sup-
ports a BH jet or a mechanism to collimate isotropic
magnetar winds (Bucciantini et al. 2012).
The jet eventually collides with the interstellar
medium (ISM) and produces an afterglow. The to-
tal kinetic energy of the late jet can be comparable to
that of prompt jets in ordinary sGRBs. However, its
initial Lorentz factor may be lower than that of nor-
mal sGRBs, which causes a different afterglow emission.
Such a jet decelerates at a longer timescale, and its af-
terglow peaks at tdec ∼ 3×10
5 s E
1/3
j,iso,51
n
−1/3
−4
Γ
−8/3
1
, where Γ
and n are the initial Lorentz factor and the ISM density
(Lamb & Kobayashi 2016). While X-ray and optical af-
terglows may be dimmer than the following plateau and
macronova emissions, an identification of their peaks can
be a probe of the Lorentz factor of the late-time jet.
3.2. Event Rate
We estimate the event rate of the delayed jet break-
out. The binary-NS-merger rate is evaluated as RNSM ≃
1550+3220
−1220
Gpc−3 yr−1 by the observation of GW170817
(Abbott et al. 2017). The merger rate for on-axis events
is estimated by assuming the jet opening angle to be
Ron ≃
θ2j
2
RNSM ≃ 54
+110
−42 Gpc
−3 yr−1
(
θj
0.26 rad
)2
. (11)
The central value is larger than the local sGRB rate of
≃ 4.1Gpc−3 yr−1 (Wanderman & Piran 2015), and sup-
ports that many merger events produce choked jets.
For LIGO’s full sensitivity, the detectable range of on-
axis binary NS mergers is dL ≃ 1.6 × 200Mpc, where
the factor 1.6 accounts for an enhancement of GWs
(Kochanek & Piran 1993), and the comoving volume is
Vcom ≃ 1.1 × 10
−1Gpc3. The on-axis event rate for the
observation by LIGO is evaluated as
Non = VcomRon ≃ 6.0
+12
−4.6 yr
−1 . (12)
The fraction of the delayed-jet-breakout events to the
total on-axis events (we denote fdelay) is constrained
by the current sky monitors in X- and γ-rays. We
adopt a luminosity and duration of a late-time jet as
LX,iso = 10
48 erg s−1 and tem = 300 s as fiducial values. A
detector with a sensitivity fsen can be triggered by the jet
inside the luminosity distance of dL = (LX,iso/4π fsen)
1/2 ≃
0.94Gpc L
1/2
X,iso,48
f
−1/2
sen,−8
. We estimate the detection rate of
the extended emissions in delayed jet breakouts by Swift
BAT and MAXI GSC.
BAT has a sensitivity fsen ∼ 10
−8 erg s−1 cm−2 and
field of view (FoV) 1.4 str. The detection horizon is
dL ≃ 0.94Gpc (Vcom ≃ 2.1Gpc
3), and the sky cover-
age is 1.4/4π ≃ 0.11. The detection rate is NBAT ≃
0.1 × 0.11 × Vcom fdelayRon ≃ 1.3
+2.6
−0.98
yr−1 fdelay, where we
take that BAT has ever detected only ∼ 10% of extended
emissions (Kisaka et al. 2017) into account. This implies
that some soft-long GRBs detected by BAT may be the
extended emissions in the delayed jet breakouts. These
events do not accompany supernova (SN) signatures.
MAXI has a sensitivity fsen ∼ 10
−9 erg s−1 cm−2 for soft
bands (2−30 keV) and FoV 7.3×10−2 str (Sugizaki et al.
2011). The horizon and sky coverage are evaluated as
dL ≃ 3.0Gpc (Vcom ≃ 32Gpc
3) and ≃ 5.8 × 10−3, re-
spectively. The detection rate is NMAXI ≃ 0.0058 ×
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Vcom fdelayRon ≃ 10.0
+21
−7.8
yr−1 fdelay. This value also sug-
gests that some long GRBs detected by MAXI are
extended emissions in delayed-jet events. Actually,
some GRBs are detected only by MAXI and their de-
tection rate is ∼ 5 yr−1 (Serino et al. 2014).3 There-
fore, MAXI constrains the fraction of delayed events
as fdelay . 0.5 for the central value. Interestingly,
for the lower value of RNSM, the fraction is not con-
strained due to its small event rate. With the on-axis
merger rate (Eq. 12), we expect that the rate of de-
layed jet breakouts coincident with GWs is at most
∼ 1− 3 yr−1 (θj/0.26 rad)
2.4 Future wild-field X-ray mon-
itors such as ISS-Lobster (Camp et al. 2013) and Ein-
stein Probe (Yuan et al. 2015) will detect delayed events
or constrain fdelay more tightly. We also remark that
newly-discovered X-ray transients (Bauer et al. 2017)
may be related with delayed events.
4. DISCUSSION
In GW170817, although the VLBI observations
revealed a relativistic jet with Ej,iso & 10
52 erg
(Mooley et al. 2018; Ghirlanda et al. 2018), this jet is
not necessarily the origin of the low-luminosity prompt
γ-rays (Matsumoto et al. 2018b). We can argue that a
prompt jet is choked and the resulting cocoon produces
the γ-rays (Kasliwal et al. 2017; Gottlieb et al. 2018;
Lazzati et al. 2018), and that the relativistic jet is origi-
nated from a delayed breakout. Actually, some extended
emissions show LX,iso ∼ 10
49 erg s−1 with tem ∼ 10
2 s
(Fig. 2), which suggests a large jet energy of ∼ 1052 erg.
The energetic late jet penetrates the ejecta ∼ 10 s af-
ter the prompt jet is choked, and produces a cocoon
with Ec ∼ 10
51 erg. Interestingly, this cocoon’s cooling
emission reproduces the observed macronova at the first
few days (Matsumoto et al. 2018a). Future GW obser-
vations will test this possibility.
In a delayed jet breakout, we have a chance to ob-
serve the moment that the late jet to emerge from ejecta.
When the jet head reaches the ejecta edge, it may pro-
duce a shock-breakout emission (Gottlieb et al. 2018).
Even if a merger event occurs outside the FoV of γ-ray
telescopes, the detection of this breakout signature may
support the delayed jet breakout.
The delayed-breakout events can be a source of neu-
trinos. A choked prompt jet can be a powerful neutrino
emitter (Kimura et al. 2018). Moreover, a delayed jet
emits neutrinos efficiently if it has a low Lorentz factor
(Kimura et al. 2017). Detections of these neutrinos can
constrain the Lorentz factors and the baryon loading of
these jets.
Lamb & Kobayashi (2016) propose another scenario
where on-axis binary NS mergers do not produce γ-
rays. They consider that a low-Lorentz-factor prompt
jet breaks out of ejecta but does not emit γ-rays due to
the compactness, and discuss the detectability of its af-
terglow. On the other hand, our scenario predicts that
an extended or plateau emission accompanies with the
merger. In particular, a flat light curve and a sudden
drop are unique signatures of a central engine activity.
Finally, we discuss the breakout condition of prompt
jets. A comparison of the breakout time (red curves
in Fig. 2) with the prompt-emission timescale (pur-
ple points) suggests that the lag-time should be
smaller than tlag . 1 s to produce a sGRB (see also
Murguia-Berthier et al. 2014). For longer lag-times, a
jet cannot catch up with the ejecta edge within the
engine-working time. Note that an event with a short
emission time (tem ≪ tbr) does not constrain the lag-time
because such a burst is produced by a bare breakout
tengine = tbr + tem ∼ tbr
If each merger event has a similar ejecta velocity and
a common lag-time, a characteristic breakout time is in-
troduced (see Eq. 10). Intriguingly, Moharana & Piran
(2017) found a typical jet-breakout time tbr ≃ 0.2− 0.5 s.
In the collapsar scenario, such a timescale is under-
stood as a time for a jet to reach the progenitor’s edge
whose size may not change significantly among progen-
itors (Bromberg et al. 2012). However, binary mergers
do not have a characteristic size because ejecta expand.
A common lag-time introduces such a special length
∼ βejctlag into the systems. Therefore, the typical break-
out time may suggest that there is a favored lag-time to
produce sGRBs, which may be related to the jet-launch
mechanism such as formations of global magnetic fields
or a BH.
We thank Motoko Serino for useful comments on the
observations by MAXI. We are also grateful to Pe-
ter Me´sza´ros for helpful comments. This work is sup-
ported by JSPS Overseas Challenge Program for Young
Researchers, Grant-in-Aid for JSPS Research Fellow
17J09895 (T.M.), JSPS Oversea Research Fellowship,
and the IGC post-doctoral fellowship program (S.S.K.).
3 Other X-ray transients might be included in the MAXI GRBs,
which reduces fdelay further. A candidate is shock breakouts of
SNe, while they show thermal emissions. Detecting the optical
counterparts of MAXI GRBs, we can firmly distinguish these
events from delayed breakouts.
4 Note that there is still an uncertainty in the jet opening angle,
which affects the event rate. For instance, Beniamini et al. (2018)
argue that the merger rate is consistent with sGRB rate, because
they assume a narrower jet-opening angle than ours.
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APPENDIX
A. ANALYTICAL FORMULA
We derive analytical formulae for jet propagations in homologously expanding media.
A.1. Conical jet
For a conical jet, the jet parameter is given by
L˜ =
Lj
πθ2
j
R2
h
ρac3
=
Lj
πAθ2
j
c3
Rk−2h , (A1)
where we define ρa = AR
−k
h
. For L˜ . 1, we can approximate Eq. (1) as βh ≃ L˜
1/2
+ βa and rewrite it as
t
d(Rh/t)
dt
= cL˜1/2, (A2)
where we used βa ≃ Rh/t for a homologously expanding media at later than t > tlag. Due to a term βa, the left hand
side has a different form than that for static media cases. This gives a different numerical coefficient than static one.
By integrating Eq. (A2), we obtain a formula
Rh =
[
Lj
Aθ2
j
c
1
π
(
4 − k
k − p − 2
)2] 1
4−k
t
2
4−k ∝ t
2−p
4−k , (A3)
for 2+p < k < 4, where the constant p is defined asA = A˜tp. In our model, the quantities are k = 2, A = Mej f /4πRej
3−k ,
and p = k − 3, and give
Rh = 7.6 × 10
6 cm M
−1/2
ej,−2
L
1/2
j,iso,45
β
1/2
ej,−0.5
(t/s)3/2. (A4)
By equating this radius with the ejecta edge Rej ∼ βejct, we obtain the critical luminosity for successful jet breakouts
as
Lj,iso ≃ 1.5 × 10
51 erg s−1 Mej,−2βej,−0.5(t/s)
−1. (A5)
A.2. Collimated jet
Next, we consider a collimated jet. At t > tlag, we denote the cocoon radus as Rc = ξβcct, where a numerical
coefficient ξ is given later. The cocoon pressure is rewritten by using Eqs. (7) and (8) as
Pc ≃
Ljt
3 pi
3
R2c Rh
=
Lj
πξ2β2c Rhc
2t
=
(
Lj ρ¯a
πξ2Rht
)1/2
. (A6)
The jet parameter is given as
L˜ =
Lj
Ljθ
2
j
4cPc
ρac3
=
(
Lj
Aθ4
j
c4
16̺
πξ2
Rk−1
h
t
)1/2
, (A7)
where we use ρ¯a = ̺ρa and ̺ = 3/(3 − k) for a conical cocoon. By substituting this for Eq. (A2), we obtain
Rh =
[
Lj
Aθ4
j
16̺
πξ2
(
5 − k
k − 2 − p
)4] 1
5−k
t
3
5−k ∝ t
3−p
5−k , (A8)
for p − 2 < k < 5. The cocoon velocity is given as
βc ∝ (Pc/ρ¯a)
1/2 ∝ (ρaRht)
−1/4 ∝ (tp+1R1−kh )
−1/4 ∝ t
p+2−k
k−5 , (A9)
which gives the coefficient as ξ = (5 − k)/(3 − p). Finally, we get analytical expressions as
Rh=N
5
5−k
s
[
3Lj
Aθ4
j
24
π(3 − p)2
(5 − k)2
(3 − k)
(
3 − p
p + 2 − k
)4] 1
5−k
t
3
5−k , (A10)
βh =N
5
5−k
s
[
3Lj
Aθ4
j
24(3 − p)3−k
π
(5 − k)k−3
(3 − k)
(
3 − p
p + 2 − k
)4] 1
5−k t
k−2
5−k
c
, (A11)
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where we introduce a correction factor Ns(= 0.35 for L˜ < 1) given by Harrison et al. (2018). The time dependences are
the same as Margalit et al. (2018). We compare these forms with Eqs. (A2) and (A3) in Harrison et al. (2018). They
do not consider the time-dependent A, which modifies numerical coefficients. Furthermore, in expanding media, the
jet head velocity is determined by not only L˜ but also βa (see Eq. 1). In particular, Eq. (A2) gives another factor
[(3 − p)/(p + 2 − k)]4.
For our case, the jet head velocity and radius are given by
βh = 3.0 × 10
−2 M
−1/3
ej,−2
L
1/3
j,iso,45
β
1/3
ej,−0.5
θ
−2/3
ej,−0.5
(t/s)1/3
(
Ns
0.35
)5/3
, (A12)
Rh= 6.8 × 10
8 cm M
−1/3
ej,−2
L
1/3
j,iso,45
β
1/3
ej,−0.5
θ
−2/3
ej,−0.5
(t/s)4/3
(
Ns
0.35
)5/3
, (A13)
and the critical luminosity is given by
Lj,iso = 5.4 × 10
48 erg s−1 Mej,−2β
2
ej,−0.5θ
2
ej,−0.5(t/s)
−1
(
Ns
0.35
)−5
. (A14)
It should be noted that the different numerical factors introduce a large difference in the critical luminosity. Actually
Kimura et al. (2018) use the equations in Harrison et al. (2018) and obtained a much larger critical luminosity than
Eq. (A14). The discrepancy between ours and theirs are reasonably attributed to the different numerical factor which
they adopted as [(3 − p)/3]2[(p + 2 − k)/(3 − p)]4 ≃ 7 × 10−3.
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